Abstract. Let Y be a complex manifold with the property that every holomorphic map from a neighborhood of a compact convex set K ⊂ C n to Y can be approximated uniformly on K by entire maps C n → Y . If X is a reduced Stein space and π : Z → X is a holomorphic fiber bundle with fiber Y then we show that sections X → Z enjoy the Oka property with interpolation and approximation.
Introduction
Let (X, O X ) be a paracompact complex space. A compact set K in X is O(X)-convex if for every point p ∈ X\K there exists a holomorphic function f on X such that |f (p)| > sup x∈K |f (x)|. Following [13] we say that a complex manifold Y enjoys the Convex Approximation Property (CAP) if every holomorphic map U → Y from an open set U ⊂ C n (n ∈ N) can be approximated, uniformly on every compact convex subset of U , by entire maps C n → Y . Many special cases of this Oka principle are known; here is a brief survey.
When π : Z → X is a holomorphic principal bundle with a Lie group fiber, or an associated bundle with a homogeneous fiber, this is a classical result of Grauert [23] . (See also Cartan [2] , Forster and Ramspott [8, 9] , Henkin and Leiterer [29] , and Heinzner and Kutzschebauch [27] .) Every complex homogeneous manifold satisfies CAP [21, 22] . Even for bundles with homogeneous fibers our Theorem 1.1 is stronger than Grauert's theorem since we do not assume any condition on the transition maps of the bundle.
The case when X is a Stein manifold and the fiber Y admits a dominating holomorphic spray (a property which implies CAP) is due to Gromov [25] ; for elaboration and extensions see the papers [10, 11, 18, 19, 20, 31, 32, 33] .
The CAP property was first introduced in [13] where Theorem 1.1 was proved in the case when X is a Stein manifold (without singularities) and X ′ = ∅. Although the definition of CAP in [13] requires the approximation property only on certain special compact convex subsets of C n which is often easier to verify, it is equivalent to the above formulation in view of the main result of that paper. As remarked in [13] , CAP is a necessary and sufficient conditions for validity of this Oka principle. The interpolation on a subvariety was added in [14, Theorem 1.1] where it was also shown that the CAP property of a complex manifold Y is equivalent to several ostensibly different Oka properties for maps of Stein manifolds to Y [14, Corollary 1.3]. Part (B) of Theorem 1.1 is a consequence of (A) [13, Theorem 5.3] . In [13, 14, 15 ] the reader can find many examples regarding CAP.
It was remarked in [13, 14] that Theorem 1.1 also holds when X is a Stein space with singularities, but a complete proof has not been available up to now, except in the classical case mentioned above. The outline proposed in [13, Remark 6.6, p. 705] requires several technical improvements which are not completely obvious. For these reasons we believe it useful to have a complete proof of Theorem 1.1 in the general case when X is a Stein space, thereby removing the impression that 'this is only a theory for manifolds'. The main results of this paper continue and complete the developments in [13, 14] . Theorem 1.1 is a special case of Theorem 5.1 in which π : Z → X is a stratified fiber bundle of all whose fibers over individual strata enjoy CAP. Combining our proof with the methods from [19] we get the analogous result for stratified elliptic submersions (i.e., the restrictions of Z → X to strata admit fiber-dominating sprays over small open sets in the base). The Oka principle, provided by Theorem 5.1, is used in the proof of embedding theorems for Stein spaces into Euclidean spaces of minimal dimension due to Eliashberg and Gromov [7] (for Stein manifolds) and to Schürmann [36] . In this direction see also the papers [17, 34, 35] .
In the course of proving Theorem 1.1 we obtain several results of possible independent interest. In §2 we improve Theorem 2.1 from [14] on the existence of open Stein neighborhoods of the set K ∪ X ′ in Theorem 1.1. In §3 we obtain a parametric version of a theorem of Docquier and Grauert [6] concerning the existence of holomorphic retractions onto Stein submanifolds. In §4 we prove a semiglobal approximation-extension theorem which provides a key inductive step in the proof of Theorem 1.1.
In §6 we obtain an existence result for holomorphic sections under an additional connectivity assumption on the fibers.
Open Stein neighborhoods
In this section (X, O X ) denotes a paracompact complex space, possibly nonreduced. The following result extends Theorem 2.1 from [14] . The case K = ∅ is due to Siu [37] ; different proofs of Siu's theorem and extensions to the q-complete case were given by Colţoiu [3] and Demailly [5] .
The small improvement over [14, Theorem 2.1] is that the Stein neighborhoods
This property plays a key role in holomorphic approximations theorems and hence it makes the result much more useful. In §4 below we use Theorem 2.1 to obtain a semiglobal approximationinterpolation result, Proposition 4.1.
As was pointed out in [14] , the necessity of Fix a function ρ 0 with these properties. Choose an open set U ⊂ X containing K ∪ X ′ . As X ′ is Stein, the construction in [14, p. 737] gives an open set W in X with K ∪ X ′ ⊂ W ⊂ U , a (small) number c > 0, and a smooth plurisubharmonic function ρ : W → R + which agrees with ρ 0 in U c = {x ∈ Ω : ρ 0 (x) < c} ⊃ K and which satisfies ρ > c on W \U c . (See (i) and (ii) at the bottom of page 737 in [14] [14] , the subvariety X ′ was denoted X 0 . The ambient complex space X was assumed to be reduced, but the latter property was never used in the proof. Compare also with [5] .) The restriction ρ| V is a nonnegative plurisubharmonic function which vanishes precisely on K. Since V is Stein, it follows that K is O(V )-convex.
Holomorphic retractions
The following well known result is obtained by combining a theorem of Docquier and Grauert ([6, Satz 3] , [26, p. 257 Note that each fiber
is a closed p-dimensional complex submanifold of M . A simple example is the restriction of a holomorphic fiber bundle projection E → B to an open subset M of the total space E.
We shall prove the following parametric version of Theorem 3.1. Proof. We first give a proof of the classical case (when B is a singleton) which we shall be able to generalize to the case at hand. Now S is a locally closed Stein submanifold of a complex manifold M . By Theorem 2.1 we can replace M by an open Stein neighborhood of S which contains S as a closed submanifold. We consider the holomorphic tangent bundle T S as a subbundle of T M | S , making the usual identification of T M with T (1,0) M . By Cartan's Theorem A there exist finitely many holomorphic vector fields
t denote the flow of V j , i.e., the solution of the ordinary differential equationφ
exists for all t ∈ C in the dist |t| < T ; furthermore, T can be chosen independent of the point belonging to a compact subset of M . The map
The subset E ⊂ S × C N with the fibers
is then a holomorphic vector subbundle of the trivial bundle S × C N . Since S is Stein, there is a complementary to E holomorphic vector subbundle 
A holomorphic approximation-interpolation theorem
In this section we prove the following result.
Proposition 4.1. Assume that X is a finite dimensional complex space, X
′ is a closed Stein subvariety of X, and K is a compact holomorphically convex set in X (as in Theorem 2.1) 
In the special case when X is a Stein manifold, K is O(X)-convex, and f : U ∪ X ′ → Z is a holomorphic map to a complex manifold Z, Proposition 4.1 coincides with Theorem 3.1 in [14] .
Proof. By Theorem 2.1 we can replace X by an open Stein neighborhood of K ∪ X ′ such that K is O(X)-convex. Further, we can choose the neighborhood U of K to be Stein and relatively compact in X.
Consider first the case when Z = X × C p and π : Z → X is the projection π(x, ζ) = x. We identify sections X → Z with maps f : X → C p to the fiber. By Cartan's extension theorem there is a holomorphic map φ : X → C p such that φ| X ′ = f | X ′ . There exist finitely many functions h 1 , . . . , h m ∈ O(X) which vanish on the subvariety X ′ and which generate the ideal sheaf J X ′ at every point of U . Since U is Stein, we have
By the Oka-Weil theorem we can approximate each g j uniformly on K by a holomorphic map g j : X → C p . The map f = φ + g j h j : X → C p then approximates f uniformly on K and it agrees with f on X ′ . This gives a sequence of sections satisfying Proposition 4.1. With the aid of Proposition 3.3 we shall now reduce the general case to this special case. Consider the following subsets of Z:
Since f : U → U is biholomorphic, U is Stein, and hence Theorem 2.1 furnishes an open Stein set Ω in Z containing U as a closed subvariety. As 
Our choice of the g j 's implies that G embeds an open neighborhood W ⊂ W 0 of K ∪ X ′ biholomorphically onto a locally closed subvariety G(W ) of X ×C N . Clearly G respects the fibers, i.e., pr 1 • G = π where pr 1 : X × C N → X is the projection pr 1 (x, ζ) = x, and G(W x ) is a locally closed complex submanifold (without singularities) of {x} × C N for every x. By what was said above we may choose W to be Stein, and then each fiber W x is also Stein.
We now complete the proof of Proposition 4.1. Let G : W ֒→ X × C N be a holomorphic embedding furnished by Lemma 4.2. Proposition 3.3, applied to the Stein subvariety S = G(W ) in X ×C N with regular fibers
gives an open neighborhood Ω ⊂ X × C N of S and a fiber preserving holomorphic retraction ι : Ω → S which retracts each fiber Ω x = Ω ∩ ({x} × C N ) onto the fiber S x . After shrinking U around K we may assume that f (U ) ⊂ W . Consider the composed section
By the special case proved above there is a sequence of holomorphic sections
For sufficiently large j, and for V j ⊃ K ∪ X ′ chosen small enough, we have F j (V j ) ⊂ Ω (the domain of the retraction ι). The sequence of holomorphic sections
then fulfills Proposition 4.1.
The Oka principle for stratified fiber bundles over Stein spaces
All complex spaces in this section are assumed reduced. A holomorphic stratification of a finite dimensional complex space X is a finite descending sequence
of closed complex subvarieties such that each connected component S (stratum) of a difference X k \X k+1 is a complex manifold, with S\S ⊂ X k+1 , whose dimension dim S only depends on k. Each finite dimensional complex space admits a stratification: take X 1 to be the union of the singular locus of X = X 0 and of all irreducible components of X 0 of less than maximal dimension; define X 2 in the same way with respect to X 1 , etc. A holomorphic submersion π : Z → X is a stratified holomorphic fiber bundle if there exists a stratification (5.1) such that the restriction of Z to every stratum S ⊂ X k \X k+1 is a holomorphic fiber bundle over S. Of course the fibers over different strata may be holomorphically different from each other. The above formulation allows infinite dimensional base spaces X; of course each subset U j , being relatively compact in X, is finite dimensional. Theorem 1.1 is a special case of Theorem 5.1.
Theorem 5.1. Assume that X is a Stein space, π : Z → X is a holomorphic submersion with regular fibers (Def. 3.2), and X is exhausted by a sequence of open relatively compact subsets
Natural examples of stratified fiber bundles are obtained by taking Z = E\Σ where E → X is a holomorphic fiber bundle (for example, a holomorphic vector bundle) and Σ is a sufficiently simple closed complex subvariety of the total space E. An explicit example arises in the proof of the embedding theorem for Stein manifolds in Euclidean spaces of minimal dimenison [7] : In this case each fiber Σ x is a finite union of complex linear subspaces of a Euclidean space E x ≃ C N . The fibers Z x = E x \Σ x in this example satisfy CAP if Σ x does not contain too many complex hyperplanes (these may cause hyperbolicity of Z x ).
The proof of Theorem 5.1 proceeds by a double induction, the outer one over a normal exhaustion of X and the inner one over the strata in a suitable stratification. The main step is given by the following proposition. 
, there exists for every ǫ > 0 a homotopy of continuous sections f t : X → Z with f 0 = f , satisfying the following properties:
Proof of Theorem 5.1. Assume Proposition 5.2 for the moment. Choose a sequence of compact O(X)-convex sets
. Let f 0 : X → Z be an initial continuous section which is holomorphic on a complex subvariety X ′ of X and on an neighborhood of K 0 in X. Choose ǫ > 0. By induction on k ∈ Z + we shall construct homotopies of sections f t : X → Z, t ∈ I k , such that the following hold for every k = 0, 1, . . .:
(i) for t ∈ I k the section f t is holomorphic on an open neighborhood of K k and satisfies sup{d(f t (x), f t k (x)) : x ∈ K k } < 2 −k−1 ǫ, (ii) the homotopy {f t : t ∈ [0, 1)} is fixed on the subvariety X ′ .
These properties clearly imply that the limit section f 1 = lim t→1 f t : X → Z exists and is holomorphic on X, sup{d(f t (x), f 0 (x)) : x ∈ K 0 } < ǫ, and f 1 | X ′ = f 0 | X ′ . Thus the homotopy {f t } t∈[0,1] satisfies the required properties.
Since all inductive steps are of the same kind, we shall explain how to get the first homotopy for t ∈ I 0 = [0,
By the assumption there exists an open set U ⊂ X containing L such that Z| U is a stratified holomorphic fiber bundle whose strata satisfy CAP. Since L is O(X)-convex, there is a relatively compact Stein domain Ω in X, with L ⊂ Ω ⊂ U . Then Ω is a finite dimensional Stein space and the restriction of Z to Ω is also a stratified fiber bundle all of whose fibers enjoy CAP.
Let Ω = X 0 ⊃ X 1 ⊃ · · · ⊃ X m = ∅ be a stratification such that the restriction of π : Z → X to each stratum S ⊂ X k \X k+1 is a fiber bundle whose fiber enjoys CAP. Taking to get a homotopy {f t } t∈[1/2m,2/2m] with similar properties. Continuing in this way we obtain after m steps a homotopy {f t } t∈[0,1/2] with the required properties. In particular, f 1/2 is holomorphic on a neighborhood of L and on X ′ (where it agrees with f 0 ). We can extend this homotopy to all of X (without changing it near L = K 1 ) by using a cut-off function in the parameter.
Proof of Proposition 5.2.
When X is smooth (a Stein manifold) and M 0 = X, this is precisely [14, Proposition 4.1]. We first recall the proof of this special case since the general case will be obtained by a modification explained below.
Write M 1 = M . We may assume that L = {x ∈ X : ρ(x) ≤ 0} where ρ : X → R is a smooth strongly plurisubharmonic exhaustion function on X such that ρ| K < 0 and dρ = 0 on bL = {ρ = 0}.
We recall the geometric setup from [12, §6.5] which was also used in [14, §4] .
there exists a smooth strongly plurisubharmonic exhaustion function τ : X → R such that τ < 0 on K ′ and τ > 0 on X\U . By general position we may assume that 0 is a regular value of τ and the hypersurfaces {ρ = 0} = bL and {τ = 0} intersect transversely along the real codimension two submanifold Σ = {ρ = 0} ∩ {τ = 0}. Hence D 0 := {τ ≤ 0} ⊂ U is a strongly pseudoconvex domain with smooth boundary. For each s ∈ [0, 1] let
We have D 0 = {τ ≤ 0} and (Fig. 1) . As s increases from 0 to 1, D s ∩L increases to D 1 = L while D s \L ⊂ D 0 decreases to ∅. All hypersurfaces bD s = {ρ s = 0} intersect along Σ. Since dρ s = (1 − s)dτ + sdρ and the differentials dτ , dρ are linearly independent along Σ, bD s is smooth near Σ. Finally, bD s is strongly pseudoconvex at every smooth point, in particular at every point where dρ s = 0.
We investigate the singular points of bD s = {ρ s = 0} inside Ω. (The remaining singular points will be irrelevant.) The defining equation of D s ∩ Ω can be written as τ ≤ s(τ − ρ) and, after dividing by τ − ρ > 0, as
The critical point equation dh = 0 is equivalent to
A generic choice of ρ and τ insures that there are at most finitely many solutions p 1 , . . . , p m ∈ Ω and no solution on bΩ. A calculation shows that at each critical point the complex Hessians satisfy (τ − ρ) 2 H h = τ H ρ − ρH τ . Since τ > 0 and −ρ > 0 on Ω, we conclude that H h > 0 at such points. We may assume that distinct critical points of h belong to different level sets.
We are now ready to prove Proposition 5.2 in the special case. Let 0 ≤ s 0 < s 1 ≤ 1 be two regular values of h on Ω, chosen such that h has at most one critical point in Ω s0,s1 = {x ∈ Ω : s 0 < h(x) < s 1 }. Suppose inductively that we have already found a homotopy f t : X → Z, t ∈ [0, s 0 ], satisfying the conditions in the Proposition and such that f s0 is holomorphic in a neighborhood of D s0 . We wish to deform f s0 to a section f s1 which is holomorphic in a neighborhood of D s1 by a homotopy which is fixed on M and consist of sections that are holomorphic near D s0 ∩ D s1 . We consider two cases:
The noncritical case: h has no critical values in Ω s0,s1 . By subdividing [s 0 , s 1 ] into finitely many sufficiently small subintervals and replacing [s 0 , s 1 ] by one such subinterval we can assume that D s1 is obtained from D s0 ∩ D s1 by attaching to the latter set finitely many special convex bumps contained in X\M [28, Lemma 12.3 ]; see Fig. 2 . On each bump we apply [13, Proposition 3.1] to extend the holomorphic homotopy (by approximation) across the attached bump, without changing the values on M . In finitely many steps we accomplish our task. The details are explained in [13, §3] .
The critical case: h has a unique critical point p ∈ Ω s0,s1 . We can extend the holomorphic homotopy across the critical level {h = h(p} by a reduction to the noncritical case as in [13, p. 697 ]. This reduction method was developed in [12, §7.4] where the reader can find complete details.
The special case of Proposition 5.2 is obtained in finitely many steps of the above two types.
The general case: Now X is a Stein space and M 1 ⊂ M 0 are closed complex subvarieties of X such that S = M 0 \M 1 is a complex manifold, possibly disconnected.
We replace X by a relatively compact Stein subset containing L, embedded as a closed Stein subspace in a Euclidean space C N [1] . We then replace L by the intersection of X with a large closed ball B ⊂ C N containing the original set L, and we set L ′ = X ∩ rB for some r > 1 close to 1. The compact set L ′ intersects at most finitely many connected components of S, and by general position we may assume that bB intersects S transversely.
We now perform the same geometric construction as above, but attaching the convex bumps and handles only inside the submanifold S. The sets By the inductive construction we also have a section f which is holomorphic in a neighborhood of K 1 and in a relative neighborhood of A ∩ S in S. By [13, Lemma 3.2] we 'thicken' f to a family of holomorphic sections F (x, w) of Z, depending holomorphically on a parameter w belonging to an open neighborhood W of the origin in a parameter space C p , such that f = F (· , 0), F (x, w) = f (x) for all x ∈ X ′ and w ∈ W , and F is submersive in the w-variable for the base point x in a neighborhood of A ∩ B in S.
By invoking the CAP property of the fiber Y of Z| S → S we approximate F , uniformly in a neighborhood of A ∩ B in S, by a holomorphic family G of holomorphic sections defined in a neighborhood of B in S, with the parameter w ∈ W . (The set W shrinks a little.)
If the approximation of F by G is sufficiently close, we can find a holomorphic transition map γ(x, w) = (x, ψ(x, w)) satisfying F = G • γ on the intersections of their domains in S × C p , with γ close to the identity map [13] . Thus F • α = G • β on the intersections of the domains of F and G (which shrink slightly; see (3.2) in [13, p. 700]), and this gives a family of holomorphic sections F over A ∪ B. The section F (· , 0) approximates f on K, it agrees with f on X ′ , and is homotopic to f by a homotopy satisfying the required properties. The induction may proceed.
We deal with the critical points in S exactly as before by reducing to the noncritical case (see the critical case above).
In finitely many such steps we obtain a homotopy {f t } t∈[0,1] with the required properties such that f 1 is holomorphic in a neighborhood of K in X and in a neighborhood of L ∩ M 0 in M 0 . By Theorem 4.1 we can extend f 1 to a holomorphic section in a neighborhood of K 0 = K ∪(L∩M 0 ) in X, changing f 1 only slightly near K and adjusting the homotopy {f t } accordingly. Finally, using a cut-off function in the parameter of the homotopy, we can extend {f t } to all of X without changing it near K 0 .
Remark 5.3. Observe that a holomorphic retraction onto a subset of the stratum S was only used in the above proof to extend the transition maps γ obtained in the process, thereby reducing the corresponding splitting problem γ = β • α −1 to a Cartan pair in a complex Euclidean space C N . This could also be achieved by using a bounded extension operator as in [20] . We did not attempt to extend f to a neighborhood of A in C N as there is no retraction onto X near the singularities.
Remark 5.4. The conclusion of Theorem 5.1 also holds if we assume that X is exhausted by open subsets U with stratifications U = X 0 ⊃ X 1 ⊃ · · · ⊃ X m = ∅ such that the restrictions Z| S to each stratum S ⊂ X k \X k+1 is an elliptic (or a subelliptic) holomorphic submersion in the sense of [25, 19] (resp. [10] ). Local triviality is no longer needed for this proof. The inductive scheme of proof remains exactly the same; what changes is the way we patch a collection of local holomorphic sections (in the proof of Proposition 5.2) to extend the section over a stratum S. A complete description of this patching procedure is described in [19] , and the result was mentioned in [20, Sec. 7] without a complete proof.
Existence of global holomorphic sections
We now add a connectivity hypothesis of fibers in a stratified fiber bundle to obtain existence theorems for holomorphic sections.
Theorem 6.1. Assume that X is a Stein space, π : Z → X is a holomorphic submersion, and X = X 0 ⊃ X 1 ⊃ · · · ⊃ X m = ∅ is a stratification of X such that for each connected component S of X k \X k+1 the restriction Z| S → S is a holomorphic fiber bundle whose fiber Y enjoys CAP and π q (Y ) = 0 for q ∈ {0, 1, . . . , dim S − 1} (i.e., Y is (dim S − 1)-connected). Then there exists a global holomorphic section X → Z. Furthermore, given a closed complex subvariety X ′ ⊂ X, a compact O(X)-convex subset K ⊂ X, an open set U ⊃ K and a holomorphic section f : U ∪ X ′ → Z, there exists a holomorphic section f : X → Z such that f | X ′ = f | X ′ and f approximates f uniformly on K as close as desired.
Proof. The only place in the proof of Theorem 5.1 which requires a topological condition on the fiber is when crossing a critical point p of index k ≥ 1 of a strongly plurisubharmonic Morse function ρ on a stratum S (see the critical case in the proof of Proposition 5.2).
To cross the critical level of ρ at p we must be able to extend a given holomorphic section, defined on a sublevel set {ρ ≤ c} for some c < ρ(p) close to the critical level ρ(p), to a continuous section over a k-dimensional totally real disc E in S, attached with its boundary (k − 1)-sphere bE to {ρ = c}, such that {ρ ≤ c} ∪ E is a strong deformation retraction of a sublevel set {ρ ≤ c ′ } for some c ′ > ρ(p). Such an extension exists if and only if the map f : bE → Y is null-homotopic in Y , and this is certainly the case if the group π k−1 (Y ) vanishes.
Since ρ| S is strongly plurisubharmonic, we have k ≤ dim S. The topological condition on the fibers of Z → X therefore insures the existence of a continuous extension of a section at each critical point on every stratum, and hence the proof of Theorem 5.1 applies. Proof. The first conclusion is a special case of Theorem 6.1. For the second part recall that C N \A enjoys CAP if q ≥ 2 [13, Corollary 1.3], and π k (C N \A) = 0 when 0 ≤ k ≤ 2q − 2.
